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Abstract. We study the Fourier-Mukai transform for holonomic i^-modules 
on a complex abelian variety. Among other things, we show that the cohomol- 
ogy support loci of a holonomic complex are finite unions of translates of triple 
tori, the translates being by torsion points for objects of geometric origin; and 
that the standard t-structure on the derived category of holonomic complexes 
corresponds, under the Fourier-Mukai transform, to a certain perverse coherent 
t-structure in the sense of Kashiwara and Arinkin-Bezrukavnikov. 



A. Overview of the paper 

1. Introduction. This is the first in a series of papers about holonomic .^-modules 
on complex abelian varieties; the ultimate goal of the series is, in a nutshell, the 
description of holonomic i^-modules in terms of the Fourier-Mukai transform. 

Let ^ be a complex abelian variety, and let '3) a be the sheaf of linear differential 
operators. The most basic examples of left f^^i-modules are line bundles L with 
integrable connection V : L 17^ ® L. Because A is an abelian variety, the moduli 
space A'^ of all such is a quasi-projective algebraic variety of dimension 2 dim A. 
The main idea in the study of .^^-modules is to exploit the fact that is so big. 

One approach is to consider, for a left .^^-module A^, the cohomology groups 
(in the sense of .^-modules) of the various twists M <E)ffA This information 

may be presented using the cohomology support loci of A4, which are the sets 

(1.1) S'^iM) = [iL,V) e A^ \ dimH'=(ADRA(A^®<y^ (i,V))) >m}. 

Another way to present the information about cohomology of twists of A4 is 
through the Fourier-Mukai transform for algebraic .^^-modules, which was intro- 
duced and studied by Laumon |Lau96| and Rothstein |Rot96] . It is an exact functor 

(1-2) FMA:Dl^m)^T}l^{^A^), 

defined as the integral transform with kernel {P\ V''), the tautological line bundle 
with relative integrable connection on A x A''^. As shown by Laumon and Roth- 
stein, FM^ is an equivalence between the bounded derived category of coherent 
algebraic ^^-modules, and that of algebraic coherent sheaves on AK In essence, 
this means that an algebraic i^-module on an abelian variety can be recovered from 
the cohomology of its twists by line bundles with integrable connection. 

Now the most interesting .^-modules are clearly the holonomic ones; recall that 
a .^-module is holonomic if its characteristic variety is a Lagrangian subset of the 
cotangent bundle. One reason is that, via the Riemann-Hilbert correspondence, the 
category of regular holonomic .^-modules is equivalent to the category of perverse 
sheaves. The motivation for this study is the following natural question: 

Question. Let D'^{3a) denote the full subcategory of Dj!^^(f^A), consisting of com- 
plexes with holonomic cohomology sheaves. What is the image of T)\{&a) under 
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the Fourier-Mukai transform? In particular, what does the complex of sheaves 
FMyi(A^) look like when is a holonomic ^^-module? 

In this paper, we prove several results about cohomology support loci and Fourier- 
Mukai transforms of holonomic complexes of i^^-modules. Among other things, we 
establish a fundamental structure theorem for cohomology support loci, and show 
that the Fourier-Mukai transform of a holonomic ^^-module satisfies certain codi- 
mension inequalities that very much resemble the famous generic vanishing theorem 
of Green and Lazarsfeld |GL87| . 

In fact, the similarities with generic vanishing theory are no accident. As ex- 
plained in [PS 111 , generic vanishing theory is really a collection of statements about 
certain holonomic ^-modules on abelian varieties (namely those that are obtained 
as direct images of structure sheaves of irregular smooth projective varieties) and 
natural filtrations on them; quite surprisingly, it turns out that all statements that 
do not involve the filtration are actually true for arbitrary holonomic ^-modules. 
This study should therefore be viewed as a continuation and generalization of the 
work of Green-Lazarsfeld |GL87[[GL91) . Arapura |Ara92| . and Simpson jSim93] . 

Note. Before we proceed, a few remarks about related works may be helpful. 

(1) Some of the results in this paper have been announced in |PS11[ §26]. 

(2) The main object of [PSll] are filtered ^^-modules underlying mixed Hodge 
modules on A, and in particular, the individual coherent sheaves in the 
filtration. We do not prove any result of that type in this paper. 

(3) For regular holonomic ^-modules (or equivalently, for perverse sheaves), 
similar but generally weaker statements were also obtained by Kramer and 
Weissauer ! KW11[|WT2] . 

(4) All our results here also hold, suitably interpreted, for holonomic ^-modules 
on compact complex tori. This will be explained elsewhere. 

In Part II of the series, we will show (using the work of Mochizuki and Sabbah) 
that the Fourier-Mukai transform of a semisimple holonomic i^^i-module is locally 
analytically represented by a complex with linear differentials. In Part III, we shall 
(hopefully) answer the above question, by identifying the image of the category of 
holonomic ^^i-modules with a suitably defined category of "hyperkahler perverse 
sheaves" on the noncompact hyperkahler manifold A''. 

2. Results about constructible complexes. Although the focus of this work 
is on holonomic ^-modules on abelian varieties, we shall begin by describing the 
main results in the more familiar setting of constructible complexes. Proofs for all 
the theorems in this section may be found in tJ15l 

First a few words about the terminology. By a constructible complex on the 
abelian variety A, we mean a complex E of sheaves of C- vector spaces, whose 
cohomology sheaves TVE are constructible with respect to an algebraic (or equiva- 
lently, complex analytic) stratification of A, and vanish for i outside some bounded 
interval. We denote by D^(Ca) the bounded derived category of constructible 
complexes. A basic fact [HTTOSi Section 4.5] is that the hypercohomology groups 
H*(v4,iJ) are finite-dimensional complex vector spaces for any E S T)\{^1a)- 

Now let Char(^) be the space of rank one characters of the fundamental group; 
it is also the moduli space for local systems of rank one, and for any character 
p: 7ri(^) — !■ C*, we denote the corresponding local system on A by the symbol Cp. 
It is easy to see that E ®c Cp is again constructible for any E G DJ!(Ca); we may 
therefore define the cohomology support loci of E € D^(C/i) to be the subsets 
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for any pair of integers k,m E Z,. Since the space of rank one characters is very large 
- its dimension is equal to 2 dim A - these loci should contain a lot of information 
about the original constructible complex and indeed they do. 

Our first result is the following structure theorem for cohomology support loci. 

Theorem 2.2. Let E e Dj!(Cyi) he a constructible complex. 

(a) Each S^-^{E) is a finite union of linear subvarieties o/Char(A). 

(b) If E is a semisimple perverse sheaf of geometric origin |BBD82| 6.2.4], then 
these linear subvarieties are arithmetic. 

Here we are using the expression (arithmetic) linear subvarieties for what Simp- 
son was originally calling (torsion) translates of triple tori in [Sim93[ p. 365]; the 
precise definition is the following. 

Definition 2.3. A linear subvariety of Char(A) is any subset of the form 
(2.4) p ■ im(Char(/) : Char(B) ^ Char(A)), 

for a surjective morphism of abelian varieties f : A ^ B with connected fibers, and 
a character p G Char(A). We say that a linear subvariety is arithmetic if p can be 
taken to be torsion point of Char(A). 

Note. The reason for the term arithmetic is as follows. Let A'^ be the moduli 
space of line bundles with integrable connection on A; it is also a complex algebraic 
variety, biholomorphic to Char(A), but with a different algebraic structure. When 
A is defined over a number field, the torsion points are precisely those points on the 
algebraic varieties Char(A) and that are simultaneously defined over a number 
field in both |Sim93[ Proposition 3.4]. 

Our next result has to do with the codimension of the cohomology support loci 
S^{E) = Si{E). Recall that the category D'^{Ca) has a nonstandard t-structure 

called the perverse t-structure, whose heart is the abelian category of perverse 
sheaves |BBD82] . We show that the position of a constructible complex with respect 
to this t-structure can be read off from its cohomology support loci. 

Theorem 2.5. Let E G D^(Cyi) be a constructible complex. 

(a) One has E e '^D|0(C^) iff codim S'' (E) > 2k for every fc £ Z. 

(b) Similarly, E S '^D|''(Ca) ^if codim 5*^ (£;) > ~2k for every fc £ Z. 

(c) In particular, E is a perverse sheaf iff codim S'^ (E) > \2k\ for every fc £ Z. 

A consequence is the following "generic vanishing theorem" for perverse sheaves; 
a similar (but less precise) statement has also been proved recently by Kramer and 
Weissauer |KW11[ Theorem 2]. 

Corollary 2.6. Let E G Djj(C/i) be a perverse sheaf on a complex abelian variety. 
Then the cohomology support loci S^{E) are finite unions of linear subvarieties of 
Char(A) of codimension at least \2k\. In particular, one has 

U''{A,E^cCp) =0 

for general p G Char(A) and k ^ 0. 

The generic vanishing theorem implies that the Euler characteristic 

x(A,i?)=^(-l)'=dimH^(A,i?) 
feez 
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of a perverse sheaf on an abelian variety is always nonnegative, a result originally 
due to Franecki and Kapranov |FKOO[ Corollary 1.4]. Indeed, from the deformation 
invariance of the Euler characteristic, we get 

x{A,E)=x{A,E®cCp) =dimH"(A,^®cCp) > 

for a generic character p € Char(yl). For simple perverse sheaves with x(^i E) = 0, 
we have the following structure theorem, which has also been proved by Weissauer 
[Weil2[ Theorem 2]. 

Theorem 2.7. Let E e D^(Cyi) he a simple perverse sheaf. If x{A,E) = 0, then 
there exists an abelian variety B, a surjective morphism f: A ^ B with connected 
fibers, and a simple perverse sheaf E' € D^(Cb) with x{B,E') > 0, such that 

E = f*E' ®c Cp 

for some character p £ Char(A). 

3. Results about holonomic complexes. All the theorems in the previous 
section are actually consequences of similar results about holonomic complexes of 
modules on abelian varieties. In fact, the situation for ^^-modules is considerably 
better, because we have the Fourier-Mukai transform (|1.2p at our disposal. 

Again, we begin by saying a few words about terminology. Recall that &a is the 
sheaf of linear differential operators of finite order; since the tangent bundle of A 
is trivial, &a is generated, as an ^^-algebra, by any basis di, . . . ,dg G H^{A, 5^), 
subject to the relations [di, dj] = and [di, f] = dif. By an (algebraic) &A-module, 
we mean a sheaf of left ^^-modules that is quasi- coherent as a sheaf of i^A-modules; 
a ^A-module is holonomic if its characteristic variety, as a subset of the cotangent 
bundle T*A, has dimension equal to dim A. Finally, a holonomic complex is a 
complex of ^A-modules M, whose cohomology sheaves T-CM are holonomic, and 
vanish for i outside some bounded interval. We denote by D^g^(^^) the bounded 
derived category of coherent ^^-modules, and by D^(^^) the full subcategory of 
holonomic complexes. 

Let A^ be the moduli space of line bundles with integrable connection on A. 
For any ^yj-module M, and any [L, V) £ A^, the tensor product M ^ again 
has the structure of a ^A-module; for the sake of clarity, we will denote it by the 
symbol M i^- We then define the cohomology support loci of a complex 
of ^A-modules M £ D^g^(^^) by the same formula as in (|l.ip . where where DR^ 
denotes the de Rham functor. 

One of the main results of this paper is the following structure theorem for 
cohomology support loci of holonomic complexes. 

Definition 3.1. A linear subvariety of A'' is any subset of the form 

(3.2) (L,V)®im(/^: ^ A^), 

for a surjective morphism of abelian varieties f : A ^ B with connected fibers, 
and a line bundle with integrable connection {L,V) G A''. We say that a linear 
subvariety is arithmetic if {L, V) can be taken to be torsion point of A''. 

Theorem 3.3. Let M. € Dj^(^^) be a holonomic complex. 

(a) Each S^{A4) is a finite union of linear subvarieties of A'^ . 

(b) If M is a semisimple regular holonomic S>A-module of geometric origin, in 
the sense of (BBD82| 6.2.4], then these linear subvarieties are arithmetic. 

Theorem 13.31 and Theorem 12.21 are proved together; in fact, the main idea is 
to exploit the close relationship between cohomology support loci for constructible 
and holonomic complexes. Recall that we have a biholomorphic mapping 

(3.4) $: ^ Char(A), (L, V) i-^ kcr V, 
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by the well-known correspondence between local systems and vector bundles with 
integrable connection. Now if 7W is a holonomic f^^-module, then according to a 
theorem of Kashiwara [HTT08I Theorem 4.6.6], its de Rham complex 



M^n\®M^ > Vlf'^^ ® M 



placed in degrees — dim A, . . . , 0, is a perverse sheaf on A. More generally, DRa(A^) 
is a constructible complex for any M G T)\{S!a) |HTT08[ Theorem 4.6.3]. It is very 
easy to show - see Lemma 111.11 below - that the cohomology support loci for M. 
and DRyi(A^) are connected by the formula 

(3.5) ^Sl{M))^St{^KA{M)). 

A much deeper relationship comes from the Riemann-Hilbert correspondence of 
Kashiwara and Mebkhout jHTTOSi Theorem 7.2.1], which asserts that the functor 

from regular holonomic complexes to constructible complexes is an equivalence 
of categories. Together with p.Sp . this means that cohomology support loci for 
holonomic and constructible complexes completely determine each other. 

Let us now briefly sketch the proof of Theorem l3.3l Our starting point is the ob- 
servation that both complex manifolds Char(A) and A'' naturally have the structure 
of complex algebraic varieties; while isomorphic as complex manifolds, they are not 
isomorphic as algebraic varieties. The special property of linear subvarieties is that 
they are algebraic in both models. Indeed, for any surjective morphism f : A ^ B 
of abelian varieties, (13. 2p is an algebraic subvariety of A^, and (12.41) is an algebraic 
subvariety of Char(A); moreover, since is an isomorphism of complex Lie groups, 

$((L, V) «)im(/^: B^ ^ A^)) ^ V) ■ im(Char(/) : Char(B) Char(A)). 

The following difficult theorem by Simpson |Sim93[ Theorem 3.1] shows that finite 
unions of linear subvarieties are the only closed subsets with this property. 

Theorem 3.6 (Simpson). Let Z be a closed algebraic subset of AK If^{Z) is again 
a closed algebraic subset o/Char(A), then Z is a finite union of linear subvarieties 
ofA\ and $(Z) is a finite union of linear subvarieties of Char(A). 

Thus it suffices to show that cohomology support loci are algebraic subsets of 
Char(yl) and A\ which we do in Theorem 110.61 and Proposition 111.31 below. The 
argument in ijlOl is based on a sort of "Fourier-Mukai transform" for constructible 
complexes, which may be of independent interest. 

Theorem 13 . 31 has the following consequence for the support of the Fourier-Mukai 
transform of a holonomic complex. 

Corollary 3.7. Let Ai G T)^^{^a) be a holonomic complex on an abelian variety. 
Then the support of the complex FM^(A^) is a finite union of linear subvarieties of 
A^ . These linear subvarieties are arithmetic whenever M is a semisimple regular 
holonomic S^A-iriodule of geometric origin. 

Our second main result is that that the position of a holonomic complex with 
respect to the standard t-structure on D^(^a) can be read off from the codimension 
of its cohomology support loci S''{M) = Si{M). 

Theorem 3.8. Let A4 S D^{S'a) be a holonomic complex. 

(a) One has M G D^°(^a) iif codim S''^^-^) > 2fc for every fc G Z. 

(b) Similarly, M G D,y°(^a) iif codim 5''= (7W) > -2k for every fc G Z. 

(c) In particular, M. is a single holonomic ^A-module iff coAua [M) > \2k\ 
for every fc G Z. 
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The proof (in ijl4p uses the structure theorem above, together with certain prop- 
erties of the Fourier-Mukai transform established by Laumon. Theorem 13.81 can 
be reformulated using the theory of perverse coherent sheaves, developed by Kashi- 
wara |Kas04| and by Arinkin and Bezrukavnikov |AB10| . In fact, there is a perverse 
t-structure on D|;^^(^Ah) with the property that 

""^fohi^Ai) ^{E e Dl^hi^Ai) I codimSupp-H'^'S > 2k for every keZ}; 

it corresponds to the supporting function = codimj on the topological space 
of the scheme A\ in Kashiwara's terminology. Its heart '"Coh(^Aii) is the abelian 
category of m-perverse coherent sheaves. 

Theorem 3.9. Let A4 G D'^{&a) be a holonomic complex on A. 

(a) One has M G T^fi^A) iff¥MA{M) G "^D^Xi^A^)- 

(b) Similarly, M G Dp (^a) »jJFMa(7W) G "D^j^(^AO- 

(c) In particular, M. is a single holonomic 2!A-module iff its Fourier-Mukai 
transform FMyi(A^) is an m-perverse coherent sheaf on . 

Using basic properties of the m-perverse t-structure (see i jl3p . it follows that 
the Fourier-Mukai transform of a holonomic ^^-module is always concentrated in 
degrees 0, 1, ... , dim A. Moreover, W FMa{M) is a torsion sheaf for i > 0; and for 
i = 0, it is a torsion sheaf iff it is zero. 

For that reason, one would expect 'H'^FMa{A4) to be supported on all of A\ 
but examples show that this fails when Ai is pulled back from a lower-dimensional 
abelian variety. This suggests our third main result, namely the following structure 
theorem for simple holonomic f^^i-modules. 

Theorem 3.10. Let M be a simple holonomic 2!A-module. Then there exists an 
abelian variety B, a surjective morphism f : A B with connected fibers, and a 
simple holonomic & b -module J\f with Supp'H*'FMb(A/') — B\ such that 

Mc^f*M®ff^ (i,V) 

for some {L, V) E A'^ . 

This result again follows from the basic properties of the Fourier-Mukai trans- 
form, together with the following interesting fact about the m-perverse t-structure 
(see Proposition 113. 6p : If a complex of coherent sheaves E and its dual complex 
'RT-Lom{E, ^a^) both belong to '"Coh(^Aii), and if r G Z denotes the least integer 
with WE ^ 0, then codimSupp-WS = 2r. 

One application of Theorem 13.101 is to describe simple holonomic ^^i-modules 
with Euler characteristic zero. Recall that the Euler characteristic of a coherent 
algebraic ^^-modulc M is the integer 

X{A,M) = ^(-l)'^dimH'^(A,DRA(7W)). 

When A4 is holonomic, we have x(v4, A4) > as a consequence of Theorem 13. 91 In 
the regular case, the following result has independently been proved by Weissauer 
[Weil2[ Theorem 2]. 

Corollary 3.11. Let A4 be a simple holonomic S!A-module with x{A,M) ~ 0. 
Then there is a surjective morphism with connected fibers f : A ^ B to a lower- 
dimensional abelian variety, and a simple holonomic !^ b -"module Af, such that 

Mc^f*M®ff^ (L,V) 

for a suitable point (i, V) G A'^ . Moreover, we may assume that x{B,JV) > 0. 
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B. The Fourier-Mukai transform 

5. The case of ^-modules. In this section, we recall the definition of the gen- 
eralized Fourier-Mukai transform, introduced by Rothstein |Rot96] and Laumon 
[Lau96] . It is defined in the algebraic category, and so we begin by explaining why 

is a complex algebraic variety. As always, let A be a complex abelian variety. 
The moduli space A''^ of algebraic line bundles with integrable connection on A nat- 
urally has the structure of a quasi-projective algebraic variety: on the dual abelian 
variety A = Pic°(A), there is a canonical extension of vector bundles 

(5.1) ^ Ax H°{A,n\) ^ E{A) ^ AxC^O, 

and A''^ is isomorphic to the preimage of A x {1} inside of E{A). The projection 

n:A^^A, {L,V) ^ L, 

is thus a torsor for the trivial bundle A x H'^{A, this corresponds to the fact 
that V -I- w is again an integrable connection for any uj e H^{A, O^). Note that A^ 
is a group under tensor product, with unit element the trivial line bundle (^a, d). 

The generalized Fourier-Mukai transform takes bounded complexes of coherent 
algebraic ^^-modules to bounded complexes of algebraic coherent sheaves on A'^; 
we briefly describe it following the presentation in LauQfi, §3]. Let P denote the 
normalized Poincare bundle on the product A x A. Since is the moduli space 
of line bundles with integrable connection on A, the puUback P'' = (id^i xtt)*P of 
the Poincare bundle to the product A x A'' is endowed with a universal integrable 
connection 

relative to AK Given any algebraic left ^A-module M, interpreted as a quasi- 
coherent sheaf of ^A-modules with integrable connection V: ^> ^\ (E) Ai, the 
tensor product plA4 {P'^i '^^) inherits a natural integrable connection relative 
to A'^ . Wc then define the Fourier-Mukai transform of M by the formula 

(5.2) YMa{M) = R(p2)* DR^xAVA* (K-^ » V^)) 
where the relative de Rham complex 

is placed in degrees —g, . . . , as usual. Since every differential in the complex is 
^^h-linear, it follows that FMa{M.) is a complex of algebraic quasi-coherent sheaves 
on AK Finally, Laumon |Lau96[ Theorem 3.2.1 and CoroUaire 3.2.5] proves that 
this operation induces an equivalence 

(5.3) FMa:DI^{&a)^T}1^{^a^) 

between the bounded derived category of coherent algebraic ^A-modules and the 
bounded derived category of algebraic coherent sheaves on A^ . Rothstein obtained 
the same result by a different method in |Rot96[ Theorem 6.2]. 
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Note. Since A is a complex projective variety, the category of coherent analytic 
^-modules on A is equivalent to the category of coherent algebraic i^-modules by 
a version of the GAGA theorem. On the other hand, it is essential to consider only 
algebraic coherent sheaves on A!^ in (j5.3p . because is not projective. 

We list some basic properties of the Fourier-Mukai transform. For f : A ^ B a. 
surjective morphism of abclian varieties, one has the direct image functor 

/+ : Bl^i^^A) ^ Bl^i&B), f+M - R/» DRa/b{M), 

where DR^/b(-^) denotes the relative de Rham complex 

DRa/b{M) = M ^ il\/g > n'^^g ® M 

placed in degrees — r, . . . , 0, and r — dimyl — dimi? is the relative dimension of /. 
For holonomic complexes, we have an induced functor 

since direct images under algebraic morphisms preserve holonomicity [HTTOS) The- 
orem 3.2.3]. We also use the shifted inverse image functor 

f+ = Lf*[dimA-dimB]: D^(^b) ^ D^(^a), 

which again preserves holonomic complexes since / is smooth. Finally, we use the 
duality functor 

T>a: dL,(^a) ^ Bl.i&Ar^, r>AiM) = Jinom^,{M, ^^)[<?]. 

Note that a ^A-niodule M. is holonomic exactly when D^(A1) is again a &a- 
module, viewed as a complex concentrated in degree zero. 

Theorem 5.4 (Laumon). The Fourier-Mukai transform for 3!-modules on abclian 
varieties has the following properties. 

(a) For (i, V) G A\ denote by t(L^v) • ^ translation morphism. 
Then one has a canonical and functorial isomorphism 

¥Ma{- {L, V)) = L(t(i,v))* o FMa . 

(b) One has a canonical and functorial isomorphism 

¥Ma oDa = (-UO*R^om(FMA(-),^AO- 

(c) For a surjective morphism f : A ^ B, denote by f^:B^^ A^ the induced 
morphism. Then one has a canonical and functorial isomorphism 

L(/^)*oFM^ = FMbo/+. 

(d) In the same situation, one has a canonical and functorial isomorphism 

R/^ oFMb - FMa o/+. 



Proof, (a) follows immediately from the properties of the Poincare bundle onAxA''^. 
(c) and (d) are proved in |Lau96[ Proposition 3.3.2]; note that "5 — 1 — 32" should 
read "gi —.92-" Lastly, [(b)] is contained in jLau96[ Proposition 3.3.4]. □ 
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6. The Rees algebra. Let A be a complex abelian variety of dimension g. The 
sheaf of linear differential operators is naturally filtered by the order of differ- 
ential operators, and we consider the associated Rees algebra 

oo 

= Rf^A = Fk^A ■z'^C^A ®ff^ GaVX 

More concretely, let d\,...,dg G H°{A,3'a) be a basis for the space of tangent 
vector fields on A; then as a sheaf of algebras, ^a is generated over &a[z] by the 
operators Si, . . . ,dg, where Si — zdi, subject to the relations 

[Si,6j] = and [5.^, f] = z- d^f. 

It is easy to see that we have ££a/ [z — 1)^a — ^A, and ^a/z^a — Sym 

Definition 6.1. An algebraic !3l A-module is a sheaf of left ^^i-modules that is 
quasi-coherent over (?a- An .^^i-module is called strict if it has no 2;-torsion. 

Example 6.2. Let {J\A,F) be a filtered .^^-module; then the Rees module 

RfM = FkM ■ 2*= 

fcez 

is a strict ^^-module; it is coherent over ^%a iff the filtration F = F,J\A is good. 

An equivalent point of view is the following. On the product 

Ax£ = A xspccc SpecC[z], 

consider the subsheaf of ^axC/C generated by z5^xC/C- For any quasi-coherent 
sheaf of ^AxC-modules with a left action by that sheaf of operators, the pushforward 
to A is then naturally an ^^i-module. Conversely, any algebraic i^^i-module 
gives rise to a quasi-coherent sheaf on A x C that has the structure of a left 
module over the above sheaf of operators. 

Given an i^yi-module M., we have a C[2]-linear morphism of sheaves 

V: -f2^xc/c ®<^Axc Vm==^ — ®5im, 

^ 1=1 ^ 

where LUi,...,LUg e H^{A, is the basis dual to 9i, . . . , 9g G H°{A, 3^a)- The de 
Rham complex of A4 is the resulting complex 



(6.3) BRa{M) 



M ^ ^n\^c/C > ^^AxC/C ® 

placed in degrees —g, . . . , 0, whose differentials are given by the formula 

w , ^„ dio , ^ „ I J. uj _ 

-r ® m (-l)f-T— r zm + (-lY^ -r A Vm. 

Z Z ' z 

7. The moduli space of generalized connections. In this section, we introduce 
the moduli space of generalized connections on A; it will be used in the following 
section to define a Fourier-Mukai transform for algebraic ^^-uiodules. As explained 
in [BonlO] , the idea of this construction is originally due to Deligne and Simpson. 

Definition 7.1. Let AT be a complex manifold, and X: X ^ C a, holomorphic 
function. A generalized connection with parameter A, or more briefly a X-connection, 
on a locally free sheaf of ^x-uiodules is a C- linear morphism of sheaves 

V: J' ^ S 

that satisfies the Leibniz rule with parameter A, which is to say that 

V(/ • s) = f ■ V.S + rf/ «) As 
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for focal sections / S Gx and s G A A-connection is called integrable if its 
^x-linear curvature operator V o V : ^ — > 0,% ^ is equal to zero. 

Example 7.2. An integrable 1-connection is an integrable connection in the usual 
sense; an integrable 0-connection is the same thing as the structure of a Higgs 

bundle on § . 

On an abelian variety A, the moduli space E{A) of line bundles with integrable 
A-connection (for arbitrary A G C) may be constructed as follows. Observe first 
that a A-conncction on a line bundle L G Pic(^) is integrable iff L G V\c^{A). To 
construct the moduli space, let C Gjy denote the ideal sheaf of the unit element 
Oa G a. Restriction of differential forms induces an isomorphism 

niA/mi = i/°(^,Oji) ^A/niA, 

and therefore determines an extension of coherent sheaves 

-s- iI°(A, (g) ^a/hia -5- ^^/m^ -)■ ^aMa 0. 

Let P be the normalized Poincarc bundle on the product A A. and denote by 
R$p: D^„^(^a) ^\oh^^Al tlie Fourier-Mukai transform. Then R$p(^A/m^) 
is a locally free sheaf <^(A), and so we obtain an extension of locally free sheaves 

(7.3) if°(y4, ^e^^ ^(^) -^^1-^0 

on the dual abelian variety A. The resulting vector bundle extension 

-s- 1 X H'^{A, O^) -)■ E{A) -)■ A X C 

defines an algebraic vector bundle E{^A) on A\ by construction, it comes with two 

algebraic morphisms tt: E{^A) — ;> A and A: E{^A) — > C. 

Now the claim is that Ei^A) is the moduli space of line bundles with integrable 
A-connection, with tt: E{A) — )• A the map that takes (Z/,V,A) to the underlying 
line bundle L. The following lemma establishes the existence of a tautological line 
bundle with generalized connection on ^ x Ei^A). 

Lemma 7.4. Let P = (idx7r)*P denote the pullback of the Poincare bundle to 
A X E{A). Then there is a canonical generalized relative connection 

V: P -> ^AxE(A)/E(A) ® P 

that satisfies the Leibniz rule V(/ ■ s) = / • Vs + dAxE{A)/E{A)f ® As. 

Proof. Let I denote the ideal sheaf of the diagonal in A x ^4. Let Z be the non- 
reduced subscheme of A x ^4 x E{A) defined by the ideal sheaf 2^ • GaxAxe{A)- We 
have a natural exact sequence 

(7.5) 0^ P(E)H"{A,n\) ^ {pi3)4^z®P23P) ^P^O, 

and a generalized relative connection is the same thing as a morphism of sheaves 

P^ (P13)*(^Z®P23^) 

whose composition with the morphism to P acts as multiplication by A. In fact, 
there is a canonical choice, which we shall now describe. Consider the morphism 

f:AxA^AxA, f{a,b) = {a,a + b). 

Since / x idE(A) induces an isomorphism between the first infinitesimal neighbor- 
hood of A X {Oa} X E{A) and the subscheme Z, we have 

(/ X idE{A)y{^z <8)P23-P) = P2(^A/mi) ® (m X idE(A)TP 

= pl{ffAlm\) ®P*i3P ® PhP, 
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due to the well-known fact that the Poincare bundle satisfies 

(m X id^y P ^pI^P^p^-^P 

on j4 X j4 X ^. Since pi3 o (/ x idE{A)) — Pis, we conclude that we have 

{pi3)*{^z®P*23P) = P«)p;7r*R$p(^A/m^) = P(E)p;tt*S'{A) 

on A x E{A); more precisely, (|7.5p is isomorphic to the tensor product of P and 
the pullback of (I7.3P by tt o p2 ■ 

Now the pullback of the exact sequence (|7.3p to E{A) obviously has a splitting 
of the type we are looking for: indeed, the tautological section of n*S'{A) gives 
a morphism ffE{A) ~^ tt*S'{A) whose composition with the projection to ffE{A) is 
multiplication by A. Thus we obtain a canonical morphism P P (E) P2Tt* S" (A) 
and hence, by the above, the desired generalized relative connection. □ 

Note. At any closed point e G E{A), we obtain a A(e)-connection on the line bundle 
corresponding to 7r(e) G Pic°(A). Using the properties of the Picard scheme, it is 
not difficult to show that E{A) is a fine moduli space, in the obvious sense; but 
since we do not need this fact below, we shall omit the proof. 

Corollary 7.6. The pullback of the Poincare bundle to Ax E{A) has the structure 
of a relative ^A-'module, where z act as multiplication by \, and 6i as Vg. . 

8. The case of ^-modules. We shall now describe a version of the Fourier-Mukai 
transform that works for algebraic ^^i-modules. Since we only need a very special 
case in this paper, we leave a more careful discussion to a future publication. 

Let M be an ^^-module, and denote by M the associated quasi-coherent sheaf 
on A X C; as explained above, M is a left module over the subalgebra of &axC/C 
generated by z^xC/C- Thus the tensor product 

{idxxyM^ff^^^^^^p 

naturally has the structure of a relative ^^-module on A x E{A), with z{m® s) = 
(Am) (g) s = m (g) As and Si{m ® s) — (Sim) (g) s -I- m (g) Vo.s. We may therefore 
consider the relative de Rham complex 

DRaxE{A)/e{A) ((id xX)*M {?, V)) , 

which is defined analogously to (|6.3I) . 

Definition 8.1. The Fourier-Mukai transform of an ^^-module A4 is 
FMa(A^) =R(p2)*DR^xB(A)/B(A)((idxA)*7Wg.^^^^^^, pj. 

it is an object of D''(^£;(^)), the bounded derived category of quasi-coherent sheaves 
on E{A). 

Note. Using the general formalism in |PR01j . one can show that the Fourier-Mukai 
transform induces an equivalence of categories 

FMa:D^(^a)^D''(€?b(^)), 

which restricts to an equivalence between the coherent subcategories. Since this 
fact will not be used below, we again omit the proof. 
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9. Compatibility. Just as ^y^-modules interpolate between ^^i-modules and 
quasi-coherent sheaves on the cotangent bundle T*A, Definition 18.11 interpolates 
between the Fourier-Mukai transform for ^/i-modules and the usual Fourier-Mukai 
transform for quasi-coherent sheaves. The purpose of this section is to make that 
relationship precise. 

Throughout the discussion, let be a coherent ^^A-module and F = F,Ai 
a good filtration of Ai by ^^^-coherent subsheaves. The graded Sym ,^74-module 
gr^ Ai is then coherent over Sym .^'a, and therefore defines a coherent sheaf on the 
cotangent bundle T*A that we denote by "^(A^, F). Now consider the Rees module 

RfM = FkM ■z'' CM ffA[z. z-\ 

which is a graded ^^-module, coherent over The associated quasi-coherent 

sheaf on AxC, which we again denote by the symbol RpM., is then equivariant for 
the natural C*-action on the product. Moreover, it is easy to see that the restriction 

of RpAi to {1} is a fF/i-module isomorphic to A4, while the restriction to Ax {0} 
is a Sym ^-module isomorphic to gr^ . 

Proposition 9.1. Let be a coherent ^^A-'module with good filtration F,A4. Then 
the Fourier-Mukai transform FyiAiRpAi) has the following properties: 

(i) tt is equivariant for the natural C* -action on the vector bundle E{A). 
(ii) Its restriction to A'^ — A^"'^(l) is canonically isomorphic to FM^(A^). 
(Hi) Rs restriction to Ax H'^{A,Q,\) — A^^(O) is canonically isomorphic to 

Rb23)* {pl2P ®P*i^\® pI^^{M,f)) , 

where the notation is as in the diagram in (|9.3p below. 

We begin the proof with two simple lemmas that describe how E{A) and (P, V) 
behave under restriction to the fibers of A: E{A) -i- C. 

Lemma 9.2. We have A^^(l) ~ , and the restriction of (-P, V) to A x A^ is 
equal to (P^ V^). 

Proof. This follows from the construction of A^ in |MM74i Chapter I] . □ 

Recall that the cotangent bundle of A satisfies T*A = A x H^{A,Q\), and 
consider the following diagram: 

A X H°{A, n\) Ax Ax H°{A, n\) A x H^{A, 

(9.3) pi2 

Ax A 

Lemma 9.4. We have A^^(O) ^ Ax H'^(A,Vl\), and the restriction of (P, V) to 
A X Ax H^{A, rt\) is equal to the Higgs bundle 

{p12P,P*230a), 

where 9a denotes the tautological holomorphic one-form on T*A. 

Proof. This follows easily from the proof of Lemma 17.41 □ 

We can now prove the asserted compatibilities between Definition 18.11 and the 
Fourier-Mukai transforms for ^^-modulcs and coherent sheaves. 
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Proof of Provosition \9.1[ (i) is true because RpM. is a graded ^A-module, and 



because P, V, and the relative de Rham complex are obviously C*-equi variant, (ii) 
follows directly from the definition of the Fourier-Mukai transform, using the base 
change formula for the morphism A: E{A) C and Lemma [9.21 

The proof of (iii) is a little less obvious, and so we give some details. By base 
change, it suffices to show that the restriction of the relative de Rham complex 



DR 



AxE( 



{A)/E{A)mxX)*MC=^ff^^,^^^ (P,V) 



to Ax Ax H° (A, Jl^) is a resolution of the coherent sheaf p12P'^p1^a^p13'^^{M, F). 
After a short computation, one finds that this restriction is isomorphic to the tensor 
product of PI2P and the pullback, via pi^: Ax Ax H"(A, n\) A x 
of the complex 



P*i (grf m) ^ pl (n\ grf A4) ^ • ■ • ^ pI {n\ (g>^^ grf M 



placed in degrees —g, . . . , 0, with differential p* (il^ (g)gr^ A4) 



Pl{n'x+'i 



3gr^ M) 



given by the formula 

w (g) m H> (-1)^+'^ A 0^ (g) m + ^ w A (Xi dirnj . 

But since 'i^{A4,F) is the coherent sheaf on ^ x H^{A,n\) corresponding to the 
Sym ,f74-module grf A4 , said complex resolves the coherent sheaf pi fi^ ® '^{M , F) , 
and so we get the desired result. □ 



C. Results about cohomology support loci 

10. Cohomology of constructible complexes. In this section, we describe an 
analogue of the Fourier-Mukai transform for constructible complexes on A, and use 
it to prove that cohomology support loci are algebraic subvarieties of Char(^). We 
refer the reader to [ HTT0 8, Section 4.5] and to [ Dini04i Chapter 4] for details about 
constructible complexes and perverse sheaves. 

As a complex manifold, the abelian variety A may be presented as a quotient 
V/A, where is a complex vector space of dimension g, and A C 1/ is a lattice of 
rank 2g. Note that V is isomorphic to the tangent space of A at the unit element, 
while A is isomorphic to the fundamental group 7Ti{A,0a)- We shall denote by 
R = C[A] the group ring of A; thus 

AeA 

with e\ ■ Cfj, — eA+^. A choice of basis for A shows that R is isomorphic to the ring 
of Laurent polynomials in 2g variables. Any character p: A — s- C* extends uniquely 
to a homoniorphisni of C-algebras 

i?^C, eA^p(A), 

whose kernel is a maximal ideal trip of R; concretely, irip is generated by the elements 
e\ — p{X) for AeA. It is easy to see that any maximal ideal of R is of this form; this 
means that Char(A) is the set of closed points of the scheme Spec R, and therefore 
naturally an afhne algebraic variety over Spec C. 

For any finitely generated i?- module M , multiplication by the ring elements e\ 
determines a natural action of A on the C-vector space M. By the well-known cor- 
respondence between representations of the fundamental group and local systems, 
it thus gives rise to a local system on A. 
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Definition 10.1. For a finitely generated i?-module M, we denote by the symbol 
Cm the corresponding local system of C-vector spaces on A. 

Since R is commutative, Cm is actually a local system of R-modules. The most 
important case of this construction is Cn, which is a local system of i?-modules of 
rank one; one can show that it is isomorphic to the direct image with proper support 
TTi Cv of the constant local system on the covering space tt: V A, but we do not 
need this fact here. The device above allows us to construct finitely-generated 
i?-modules (and hence coherent sheaves on Speci?) by twisting a constructible 
complex on A by a local system of the form Cm, and pushing forward along the 
morphism p: A ^ SpecC to a point. 

Proposition 10.2. Let E e D^(Ca). Then for any finitely generated R-module 
M, the direct image Rp* (i? (g)c >Cm) belongs to T)\gf^[R). 

Proof. Since i5 is a constructible complex of sheaves of C-vector spaces, the tensor 
product E ®c Cm is a constructible complex of sheaves of i?-modules. By [Dim04[ 
Corollary 4.1.6], its direct image is thus an object of D^„,j(i?). □ 

To understand how Rp*(i? Cm^ depends on M, we will need the follow- 
ing auxiliary lemma. Recall that a fine sheaf on a manifold is a sheaf admitting 
partitions of unity; such sheaves are acyclic for direct image functors. 

Lemma 10.3. Let ^ be a fine sheaf of C-vector spaces on A. Then the space of 
global sections H'^ (^ A, ^ (8)c Cji) is a flat R-module, and for every finitely generated 
R-module M , one has 

H%A, ®c Cm) ^ H''{A, .9 ®c Cb) ®h M, 

functorially in M . 

Proof. It is easy to see that each sheaf of the form ^ is again a fine sheaf. 

Consequently, M H°(^A,^ (g)c Cm) is an exact functor from the category of 
finitely generated i?-modules to the category of i?-modules. Since the functor also 
preserves direct sums, the result follows from the Eilenberg- Watts theorem in ho- 
mological algebra |Wat60) . A direct proof can be had by resolving M by a bounded 
complex of free i?-modules of finite rank, and using the exactness of the functor. □ 

Proposition 10.4. Let E G Dj!(C^). Then for every finitely generated R-module 
M , one has an isomorphism 

Rp*{E 

Cm ) ~ Iip^{E(g)cCR) (S)R M, 

functorial in M . 

Proof. We begin by choosing a bounded complex , d) of fine sheaves quasi- 
isomorphic to E. One way to do this is as follows. By the Riemann-Hilbert cor- 
respondence, E ~ DRyi(A^) for some M G T>\{S!a); if we now let A\ denote the 
sheaf of smooth fc-forms on the complex manifold A, then by the Poincare lemma, 

A^® M ^ A\® M > A^^®M , 

placed in degrees —g, . . . , 5, is a complex of fine sheaves quasi-isomorphic to E. For 
any such choice, Rp* (i? (8)c -Cm) G Dco^(-R) is represented by the bounded complex 
of i?-modules with terms 

i/o {A, ^' ®c Cm) ^ H" (A, ^* ®c Cr) (^r M, 

and so the assertion follows from Lemma [10.31 □ 
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Now let p e Char(A) be an arbitrary character; recall that mp is the maximal 
ideal of R generated by the elements ex — p(A), for A e A. Using the notation 
introduced above, we therefore have the alternative description Cp ~ t^R/mp for the 
local system corresponding to p. 

Corollary 10.5. For any character p G Char(yl), we have 

Rp* {E ®c Cp) ~ Rp* {E ®c Cr) ®r R/mp 
as objects o/D|;^^(C). 

Note. We may thus consider Rp*(£^ (g)c Cr) & D^g^(i?) as being something like 
a "Fourier-Mukai transform" of the constructible complex E G D|!(Ca). In this 
setting, however, the transform does not determine the original constructible com- 
plex: for example, if E is any constructible sheaf whose support is a finite union of 
points of A, then Rp* (_E (^c ^r) is a free i?- module of finite rank. 

The results above are sufficient to prove that the cohomology support loci of E 
are algebraic subsets of Char(A). 

Theorem 10.6. If E £ D^(Ca), then each cohomology support locus S!^{E) is an 
algebraic subset o/Char(yl). 

Proof. Recall that Char(A) is the complex manifold associated to the complex 
algebraic variety Speci?. Thus Rp, (i? Oc Cr) £ ^lohi-^) determines an object 
in the bounded derived category of algebraic coherent sheaves on Char(A), whose 
fiber at any closed point p computes the hypercoliomology of the twist E ®c Cp, 
according to Corollarv 110.51 We conclude that 

Si{E) = i^pe Char( A) dim H'= (Rp, {E Cr) ®r R/mp^ > m } , 

and by the same argument as in the proof of Proposition 111.31 this description 
implies that S^-^{E) is an algebraic subset of Char(A). □ 

Proposition 10.7. Let k be any subfield of C If E G D|l(fcyi) is a constructible 
complex of sheaves of k-vector spaces, then Rp, (E'lgjfc Cr) is defined over k. 

Proof. Let Q[A] be the group ring with rational coefficients. Then Cr is the com- 
plexification of the associated local system of Q- vector spaces, and so Rp* {E®kCR) 
is in an evident manner the complexification of an object of D|!^^(A:[A]). □ 

11. Structure theorem. The goal of this section is to prove a fundamental struc- 
ture theorem for cohomology support loci of constructible and holonomic complexes. 
We refer to [HTTOSi Chapter 3] for details about holonomic ^-modules and holo- 
nomic complexes. 

Lemma 11.1. Let A4 G D'K^a) be a holonomic complex on A. Then we have 

^{Sii,{M))=St{BRAiM)). 

for every k,m E Z. 

Proof. Let (L, V) be a line bundle with integrable connection on A. The associated 
local system ker V is a subsheaf of L, and so we obtain a morphism of complexes 

(11.2) BRa{M) (g)c (ker V) I)Ra{M {L, V)). 

Now (ker V) (8)c = L, and therefore n\ ®ff^ M (®c (ker V) = n\ (g)ff^ M L. 
This shows that the two complexes in (|11.2I) are isomorphic to each other, and gives 
the desired relation between their hypercohomology groups. □ 
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With the help of the Fourier-Mukai transform, it is easy to show that cohomology 
support loci are algebraic subsets of A''^ . 

Proposition 11.3. If M G D^g^(^yi), then each cohomology support locus S^{M) 
is an algebraic subset of . 

Proof. Since A^ is a quasi-projective algebraic variety, we may represent FMa{M) 
by a bounded complex {S",d) of locally free sheaves on AK Now let (i, V) be a 
line bundle with integrable connection, and let i{L,\/) denote the inclusion map. By 
the base change theorem, 

Ri^^ v) FMA{M)-DRA{M<E)ff^ (L,V)), 

and so we have 

StiM) ^ {iL,y) e A^ I dimH'=(»^^^^)(^%d)) >m}. 

This description shows that S^^{M) is an algebraic subset of A\ as claimed. □ 

We can now prove the structure theorem from the introduction. 

Proof of TheoremlKM Let M £ D^(^a) be a holonomic complex. Then I)Ra{M) 
is constructible, and we have 

^{SiiM)) = St{BRA{M)) 

by Lemma 111. II Proposition 111.31 shows that S^j^{A4) is an algebraic subset of 
A^; Theorem HnH shows that S^{BRa{M)) is an algebraic subset of Char(yl). We 
conclude from Simpson's Theorem jXHI that both must be finite unions of linear sub- 
varieties of A^ and Char(A), respectively. The assertion about objects of geometric 
origin is proved in i jl2l below. □ 

Proof of Corollary \3.7\ A familiar consequence of the base change theorem is that 
we have, for every n G Z, an equality of sets 

(11.4) U Supp-H'^'FM^(7W) = U S''{M). 

k>n k>n 

Both assertions therefore follow from Theorem 13.31 □ 



12. Objects of geometric origin. In this section, we study cohomology support 
loci for semisimple regular holonomic ^^-modules of geometric origin, as defined 
in |BBD82I 6.2.4]. To begin with, recall the following definition due to Saito [SaiQll 
Definition 2.6]. 

Definition 12.1. A mixed Hodge module is said to be of geometric origin if it is 
obtained by applying several of the standard cohomological functors H^f*, H''fi, 
H^-f*, Wf, i)g, (t)g^i, D, Kl, ©, ®, and "Horn to the trivial Hodge structure of 
weight zero, and then taking subquotients in the category of mixed Hodge modules. 

One of the results of Saito's theory is that any semisimple perverse sheaf of 
geometric origin, in the sense of ^BBD82t 6.2.4], is a direct summand of a perverse 
sheaf underlying a mixed Hodge module of geometric origin. Consequently, any 
semisimple regular holonomic i^-module of geometric origin is a direct summand 
of a ^-module underlying a mixed Hodge module of geometric origin. 

Theorem 12.2. Let M. be a semisimple regular holonomic ^A-^nodule of geometric 
origin. Then each cohomology support locus S^{M.) is a finite union of arithmetic 
linear subvarieties of A^ . 
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We introduce some notation that will be used during the proof. For any field 
automorphism cr G Aut(C/Q), we obtain from A a new complex abelian variety A"^ . 
Likewise, an algebraic line bundle (L, V) with integrable connection on A gives rise 
to (L"' , V^) on A"^ , and so we have a natural map 

A^ {A'')K 

Now recall the following notion, due in a slightly different form to Simpson, who 
modeled it on Deligne's definition of absolute Hodge classes. 

Definition 12.3. A closed subset Z C A^ is said to be absolute closed if, for every 
field automorphism cr e Aut(C/Q), the set 

F{c„{Z)) e Char(A'") 

is closed and defined over Q. 

The following theorem about absolute closed subsets is also due to Simpson. 

Theorem 12.4 (Simpson). An absolute closed subset of A^ is a finite union of 
arithmetic linear subvarieties. 

Proof. Simpson's definition |Sim93[ p. 376] of absolute closed sets actually contains 
several additional conditions (related to the space of Higgs bundles); but as he 
explains, a strengthening of |Sim93[ Theorem 3.1], added in proof, makes these 
conditions unnecessary. In fact, the proof of |Sim931 Theorem 6.1] goes through 
unchanged with only the assumptions in Definition 112.31 □ 

With the help of Simpson's result, the proof of Theorem 1 12. 2 1 is straightforward. 
We first establish the following lemma. 

Lemma 12.5. Let M e MHM(A) be a mixed Hodge module, with underlying fil- 
tered S>A-'module {A4,F). Then the cohomology support loci of the perverse sheaf 
DRyi(A^) are algebraic subsets of Char (A) that are defined over Q. 

Proof. By definition, a mixed Hodge module has an underlying perverse sheaf rat M 
with coefficients in Q, and DKa{-M) — (rat Af)(g)QC. By Proposition ll0.7l it follows 
that Rp, (DRyi(A^) ^r) G D^^^(i?) is obtained by extension of scalars from an 
object of Dj!^^(Q[A]). The assertion about cohomology support loci now follows 
easily from Corollary 110.51 □ 

Note. The same result is true for any holonomic ^^i-module with Q-structure; that 
is to say, for any holonomic ^yi-module whose de Rham complex is the complexi- 
fication of a perverse sheaf with coefficients in Q. This is what Mochizuki calls a 
"pre-Betti structure" in jMoclOj . 

Lemma 12.6. Let E £ Y)\{Q^a) be a perverse sheaf with coefficients in Q. Any 
simple subquotient of E (>?)qC is the complexification of a simple subquotient of E. 

Proof. We only have to show that ii E ^ D'^{Qa) is a simple perverse sheaf, then 
E C G D^(C^) is also simple. By the classification of simple perverse sheaves, 
there is an irreducible locally closed subvariety C/ C A, and an irreducible represen- 
tation p: TTi{U) —7- GL„(Q), such that E is the intermediate extension of the local 
system associated to p. Since Q is algebraically closed, p remains irreducible over 
C, proving that E CSq C is still simple. □ 

Proof of Theorem \12.2[ We first show that this holds when Ai underlies a mixed 
Hodge module M obtained by iterating the standard cohomological functors (but 
without taking subquotients) . Fix two integers fc,m, and set Z = S^{A4). In light 
of Lemma ri2.51 it suffices to prove that each set Ca{Z) is equal to S^j^{A4a) for some 
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polarizable Hodge module M^r £ MHM(A°"). But since M is of geometric origin, 
this is obviously the case; indeed, we can obtain M„ by simply applying a to the 
finitely many algebraic varieties and morphisms involved in the construction of M. 

Now suppose that M is an arbitrary semisimple regular holonomic ^^-module 
of geometric origin. Then is a direct sum of simple subquotients of ^^-modules 
underlying mixed Hodge modules of geometric origin. By the same argument as 
before, it suffices to show that M.^ is defined over Q for any a S Aut(C/Q). 
Now the perverse sheaf DR^(A^o.) is again a direct sum of simple subquotients of 
perverse sheaves underlying mixed Hodge modules; by Lemma 112.61 it is therefore 
the complexification of a perverse sheaf with coefficients in Q. We then conclude 
the proof as above. □ 

13. Perverse coherent sheaves. Let X be a smooth complex algebraic variety. 
In this section, we recall the construction of perverse t-structures on the bounded 
derived category ^\ohi^x) of algebraic coherent sheaves, following |Kas04l . For a 
(possibly non-closed) point x of the scheme X, we denote the residue field at the 
point by k,{x)^ the inclusion morphism by '■ SpecK(a;) X, and the codimension 
of the closed subvariety {x} by codim(x) ~ dmii^x,x- 

Definition 13.1. A supporting function on X is a function p: X ^ Z from the un- 
derlying topological space of the scheme X to the set of integers, with the property 
that p{y) > p{x) whenever y G {x}. 

Given a supporting function, Kashiwara defines two families of subcategories 

^d£1(^x) ^{Ee Bl.i&x) I UlE e D|f+^(") {^(x)) for all a; e X }, 

"^lii^x) = {Ee J^ld^x) I HiE e D|t+^(^) {k{x)) for aWxeX}. 

The following fundamental result is proved in |Kas04l Theorem 5.9] and, based on 
an idea of Deligne, in [ABlOl Theorem 3.10]. 

Theorem 13.2 (Kashiwara). The above subcategories define a bounded t-structure 
on ^cohi^x) if, o,nd only if, the supporting function has the property that 

p{y) — p{x) < codim(y) — codim(2;) 

for every pair of (possibly non-closed) points x,y Cz X with y £ {x}. 

For example, p — corresponds to the standard t-structure on ^cohi^x)- An 
equivalent way of putting the condition in Theorem 113.21 is that the dual function 
p{x) = codim(a;) — p{x) should again be a supporting function. If that is the case, 
one has the identities 

'ofoii^x) = nnom^^Dli^^x), ffx) 

^^'^oyX^x)^'R.Hom[pj^ll\&x),ffx), 

which means that the duality functor R'Hom(— , ffx) exchanges the two perverse 
t-structures defined by p and p. 

Definition 13.3. The heart of the t-structure defined by p is denoted 

^Cohiffx) = ''d|",(^x) n^'D|°,(^x), 
and is called the abelian category of p-perverse coherent sheaves. 

We are interested in a special cases of Kashiwara's result, namely that the set 
of objects E e ^lohi&x) with codim Supp -H* (iJ) > 2i for aU i > is part of a 
t-structure on ^cohi^x)- To formalize this idea, define a function 

m: X — s> Z, m{x) — [^codim(a;)J . 
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It is easily verified that both m and the dual function 

rh: X Th{x) — |"i codini(a;)'| 

are supporting functions. As a consequence of Theorem 113.21 m defines a bounded 
t-structure on ^lohi^x)', objects of the heart ™Coh(^x) wiU be called m-perverse 
coherent sheaves. 

Note. We use this letter because m and rh are as close as one can get to "middle 
perversity" . There is of course no actual middle perversity for coherent sheaves, 
because the equality p — p cannot hold unless X is a point. 

The next lemma follows easily from [Kas04[ Lemma 5.5]. 

Lemma 13.4. The perverse t-structures defined by m and rh satisfy 
""^lohi^x) = {Ee ^lohiX) I codimSupp-H'(£;) > 2{i - k) for allieZ] 
"^^fohi^x) = {Ee J^cohi^) I codimSupp-H'(£;) > 2{i - k) - 1 for allieZ}. 

By duality, this also describes the subcategories with > k. 

Consequently, an object E G ^cohi^x) is an m-perverse coherent sheaf precisely 
when codim Supp > 2i and codim Supp i?*7^om(i?, > 2i — 1 for every 

integer i > 0. This shows one more time that the category of m-perverse coherent 
sheaves is not preserved by the duality functor RHom(— , &x)- 

Lemma 13.5. If E e "'B^^i.i^x), then E e D^„°^(^x). 

Proof. This is obvious from the fact that m > 0. □ 

When it happens that both E and 'R.Hom{E,ffx) are m-perverse coherent 
sheaves, E has surprisingly good properties. 

Proposition 13.6. If E e '"d£°^(^x) satisfies miom{E,ffx) e '"Dfol(^x), 
then it has the following properties: 

(i) Both E and Rnom{E, Gx) belong to '"Coh(^x). 

(ii) Letr > be the least integer with (E) ^ 0; t/ie^ codim Supp 7^'' (£') — 2r. 

Proof. The first assertion follows directly from Lemma 113.41 To prove the second 
assertion, note that we have codim Supp H'' > 2r. It therefore suffices to show 
that if H'iE) = for i < r, and codim Supp 'H'' > 2r, then WiE) = 0. Under 
these assumptions, we have 

codim Supp (i;) > max(2i,2r + 1) >i + r + 1, 

and therefore Rnom{E, ffx) e ^^oh^i^x) by jKas04[ Proposition 4.3]. The same 
argument, applied to 'R'Hom{E, ^x), now shows that E G ^^oh^^^x)- D 

14. Codimension bounds. In this section, we show that the standard t-structure 
on {!^a) corresponds, under the Fourier-Mukai transform FM^i, to the m-perverse 
t-structure. 

Theorem 14.1. Let A4 £ D^(f^^) be a holonomic complex on A. Then one has 
M e Df (f^^) ^ ¥Ma{M) e ™D£t(^^0, 
M e b^\&a) ^ fMa{M) e ™d|,^^(^^0- 

The first step of the proof consists in the following "generic vanishing theorem" 
for holonomic ^^-modules. In the regular case, this result is due to Kramer and 
Weissauer [KWlli Theorem 2] , whose proof relies on the (difficult) recent solution 
of Kashiwara's conjecture for semisimple perverse sheaves. By contrast, our proof 
is completely elementary. 



20 



CHRISTIAN SCHNELL 



Proposition 14.2. Let M be a holonomic S^A-'module. Then for every i > Q, the 
support of the coherent sheaf H'^ FMa{M) is a proper subset of . 

Proof. Let F,A4 be a good filtration by i^A-colierent subslieaves; tliis exists by 
[HTT08[ Tlieorem 2.3.1]. As in fJHl we consider the associated coherent .^A-niodule 
RpM defined by the Rees construction, and its Fourier-Mukai transform 

By Proposition 19.11 FMa{Rf-M) is equivariant for the C*-action on E{A), and 
its restriction to A^^(l) = is isomorphic to FM^(A^). It is therefore sufficient 
to prove that the restriction of FMa{RfM) to A"i(0) ^ Ax H°{A,fl\) has the 
asserted property. By Proposition 19. 11 this restriction is isomorphic to 

(14.3) R(p23)* (^2^ ® pl^nM^F) Kf!^) , 

where the notation is as in the following diagram: 

A X H"{A, n\) Ax Ax H°{A, n\) A x H^{A, Vt\) 

P12 

Ax A 

But is holonomic, and so each irreducible component of the support of ^^(A^, F) 
has dimension g. Thus the restriction of p23 to the support of p*3'^^(A^,F) is 
generically finite over A x H^{A, ^\), which implies that the support of the higher 
direct image sheaves in (|14.3p is a proper subset of ^ x H^{A, ^\). □ 

Together with the structure theory for cohomology support loci and basic prop- 
erties of the Fourier-Mukai transform, this result now allows us to prove the first 
equivalence asserted in Theorem ll4.1l 

Lemma 14.4. For any M E V)f^''{2iA), one has ¥Ma{M) G '"d£^^(^^0- 

Proof. The proof is by induction on dimv4, the statement being obviously true 
when A is a point. Since FM^i is triangulated, it suffices to prove the statement 
for k = Q. According to Lemma [13.41 what we then need to show is the following: 
for any holonomic complex A4 e D^°(^^) concentrated in nonpositive degrees, the 
Fourier-Mukai transform FMa(AI) satisfies, for every £ > 1, the inequality 

codimSupp-H^FMA(A^) > 2t. 

Let Z be any irreducible component of the support of H^FMa(7W), for some t > 
1. By pi.4p and descending induction on £, we may assume that Z is also an 
irreducible component of S^{Ai); according to Theorem 13.31 Z is therefore a linear 
subvariety of A\ and hence of the form Z = v) (im /'') for ^ surjective morphism 
f : A ^ B and a suitable point (i, V) G AK Furthermore, Proposition 114.21 shows 
that codimZ > 0, and therefore dimB < dim A. Setting r = dim A — dimi? > 0, 
we thus have codim Z — 2r. 

Using the properties of the Fourier-Mukai transform listed in Theorem 15. 4[ we 
find that the pullback of FMyi(A^) to the subvariety Z is isomorphic to 

L(/^)*Lt*^ v)FM^(X) 2.FMb(/+(A^®^, (L,V))) G D^^J^^O- 

From the definition of the direct image functor /+, it is clear that f+{A4(Siff^ (i, V)) 
belongs to the subcategory D^^{S'b)- The inductive assumption now allows us to 
conclude that the restriction of FMa{M) to Z lies in the subcategory "^^foi^i^z) ■ 
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But Z is an irreducible component of Supp FM^(A^); it follows that £ < r, and 
consequently codim Z > 2£, as asserted. □ 

Lemma 14.5. Let Ai G D'^{^a) be a holonomic complex. If its Fourier-Mukai 
transform satisfies FMa(A^) G ^fohi^An), then M G Dj^'^i&A)- 

Proof. It suffices to prove this for fc = 0. By |Lau96[ Theoreme 3.2.1], we can 
recover A4 (up to canonical isomorphism) from its Fourier-Mukai transform as 

M = (-U)*R(pi). (P^ FMa{M)) [g], 

where pi : A x ^ A and p2 : A x A''^ ^ A''^ are the two projections. If we forget 
about the i^^^-module structure and only consider Al as a complex of quasi-coherent 
sheaves of ^^^i-modules, we can use the fact that tt: — > A is affinc to obtain 

M = (-U)*Rbi)*fP®<?,,,p;^* FMA{M))[g], 



where now pi: A x A ^ A and p2: A x A ^ A. By virtue of (lll.4p and Theo- 
rem [231 each irreducible component of Supp'H^ FM^(A4) is contained in a linear 
subvariety of codimension at least 2i; consequently, each irreducible component of 
Supp TT^H^ FM^(AI) still has codimension at least £. From this, it is easy to see 
that WM = for i > 0, and hence that M G I)j^°{^a)- □ 

Proof of Theorem \14-1\ The first equivalence is proved in Lemma 114.41 and Lemma 
114.51 above. The second equivalence follows from this by duality, using the com- 
patibility of the Fourier-Mukai transform with the duality functors for ^^-modules 
and ^_4ii -modules (see Theorem 15. 4p . □ 

15. Proofs for constructible complexes. For the convenience of the reader, 
we collect in this section the proofs for the results announced in ^ We begin with 
the structure of the cohomology support loci 

S'^ (£:)=={ p G Char(^) dim U'' (A, E (g)c Cp) > 
of a constructible complex E G D^(Ca)- 

Proof of Theorem \2.Sl To prove |(a)[ we use the Riemann-Hilbert correspondence 



to find a regular holonomic complex M G D^^(^^) such that DRa{M) ~ E. Since 
S^{E) = ^(Sl^{M)) by Lemma [TLTI the assertion follows from Theorem l3.3l The 
statement in|(b)|may be deduced from Theorem 112.21 bv a similar argument. □ 



Next comes the description of the perverse t-structure on D^(Ca) in terms of 
the codimension of the loci S''{E) = Si{E). 

Proof of TheoremKR Let M G D^^(^a) be a regular holonomic complex such 
that DRa(A4) ~ E. Since ^{S''{M)) = S''{E), the assertion in [(a)] is a conse- 
quence of Theorem [T441 To deduce [(^ let Da : D^(Ca) ^ DJ;(Ca) be the Verdier 
duality functor. We then have 

Sti^) = (-lciiar(A)) S^''{'DaE) 

by Verdier duality Since E G ''D|°(Ca) iff 'DaE G ''D|''(Ca), the assertion now 



follows from (a) Finally, (c) is clear from the definition of perverse sheaves as the 



heart of the perverse t-structure on D^{Ca)- Q 

Lastly, we give the proof of the structure theorem for simple perverse sheaves 
with Euler characteristic equal to zero. 

Proof of Theorem \2. 7| This again follows from the Riemann-Hilbert correspondence 
and the analogous result for simple holonomic i^A-modules in Corollarv l3.11l □ 
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D. The structure of Fourier-Mukai transforms 

16. Simple objects. In this section, we prove a structure theorem for the Fourier- 
Mukai transform of a simple holonomic f^A-module. 

Theorem 16.1. Let Ai be a simple holonomic 2>A-fnodule, and let r > be the 

least integer such that Ti^ (FMa{M)) ^ 0. Then there is an abelian variety B of 
dimension dimi? = dim A — r, a surjective morphism f : A B with connected 
fibers, and a simple holonomic b -'module J\f, such that 

for a suitable point (i, V) G Moreover, we have Supp'H''(FMb(A/')) — B^ . 

This result clearly implies Theorem [3TTU] from the introduction. Here is the proof 
of the corollary about simple holonomic ^^-modules with Euler characteristic zero. 

Proof of Corollaru [KTl[ Let (i, V) £ be a generic point. Since 

= x{A,M)^x{A,M(E)ff^ (i,V)) = dimH"(A, DRa(X (i,V))), 

we find that the support of H^FMa{A4) is a proper subset of AK Since both 
FMa{M) and the dual complex belong to "D£°^(^^i,) by TheoremHHH we con- 
clude from Proposition 113.61 that 'H'^FMa{M) — 0. Now it only remains to apply 
Theorem [Ten □ 

For the proof of Theorem 116.11 we need two small lemmas. The first describes 
the inverse image of a simple holonomic i^-module. 

Lemma 16.2. Let f : A ^ B be a surjective morphism of abelian varieties, with 
connected fibers. If Af is a simple holonomic S>B-niodule, then f*M is a simple 
holonomic &A-'module. 

Proof. Since / is smooth, f*M — 6 A®j-^eB J~^^ is a holonomic ^^i-module. By 
the classification of simple holonomic i^-modules |HTT081 Theorem 3.4.2], there is 
a locally closed subvariety t/ C _B, and an irreducible representation p: Tri{U) — >■ 
GL(V^), such that TV is the minimal extension of the integrable connection on U 
associated to p. Now / has connected fibers, and so the map on fundamental groups 

f*: 7r^{f~\U)) ^ 7T,{U) 

is surjective. Clearly, the pullback f*Af is equal, over f~^{U), to the integrable 
connection associated to the representation po f^ : m {f~^{U)) t^i{U) GL{V). 
This representation is still irreducible because /* is surjective; to conclude the proof, 
we shall argue that f*JV is the minimal extension. 

By [ HTT081 Theorem 3.4.2], it suffices to show that f*M has no submodules or 
quotient modules that are supported outside of f~^{U). Suppose that M ^ f*M 
is such a submodule. We have f~^Af = f*Af[r], where r = dim A — dimS; by 
adjunction, the morphism A4 ^ f*N' corresponds to a morphism /+A^[r] M, 
which factors uniquely as 

f+MM^H'-f+M^Af. 

Since T-T f-^-Ai is supported outside of U , this morphism must be zero; consequently, 
= 0. A similar result for quotient modules can be derived by applying the 
duality functor, using |HTT081 Theorem 2.7.1]. This shows that f*N is the minimal 
extension of a simple integrable connection, and hence simple. □ 

The second lemma deals with restriction to an irreducible component of the 
support of a complex. 
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Lemma 16.3. Let X be a scheme, and let E G ^coh(^x)- Suppose that Z is an 
irreducible component of the support of'}V{E), but not of any with i > r. 

Let i: Z ^ X be the inclusion. Then the morphism 

W' {E) ^ W' {mM* E) 

induced by adjunction is nonzero at the generic point of Z . 

Proof. After localizing at the generic point of Z, we may assume that X — Speci? 
for a local ring (i?, m), and that E e ^\ohi^) represented by a complex 

^ ]T;r-2 y E'^^^ > E^ 

of finitely generated free i?-modules. Set M = K''{E) = E^ /dE^~^, which is a 
finitely generated i?-module with M ^ 0. Then W{'Ri*hi*E) ~ M/mM, and the 
morphism M — ^ M/mM is nonzero by Nakayama's lemma. □ 

We can now prove our structure theorem for simple holonomic i^^i-modules. 

Proof of Theorem [l6l[ Let E = FMa{M) £ ^cohi^A^)- Theorem [TO shows 
that£; e "Coh(^^0; by duality, it follows that R?^om(£;, S "Coh(^^0, too. 
According to Proposition ll3.61 the codimension of the support of H^{E) is therefore 
equal to 2r; moreover, each irreducible component of Supp?^'"(-B) of codimension 
2r is also an irreducible component of S^{A4) by (|11.4p . After tensoring by a 
suitable line bundle with integrable connection, we may assume that one irreducible 
component of the support of 'W[E) is equal to im/'', for a surjective morphism of 
abelian varieties f: A ^ B with connected fibers and dimS = dim A — r. 

To produce the required simple i^s-module, consider the direct image f+M, 
which belongs to D^'^(^b). We have a distinguished triangle 

r<r-i{f+M) ^ f+M ^ 'W{f+M)[-r] ^ ■ ■ ■ 

in 'D\^{SIb), and hence also a distinguished triangle 

(16.4) f+T<r-i{f+M) ^ f+f+M ^ f+W{f+M)[-r] ^ • • • 

in D^(^a). Since / is smooth, f+W {f+M)[-r] = f*W\f+M) is a single holo- 
nomic ^^-module. Let a: — > f'^f+Ai be the adjunction morphism. 

Now we observe that the induced morphism f*H^{f+Ai) must be nonzero. 

Indeed, suppose to the contrary that the morphism was zero. Then a factors as 

M ^ f + T<r-l{f+M) ^ f + f+M. 

If we apply the Fourier-Mukai transform to this factorization, and use the properties 
in Theorem 15.41 we obtain 

E ^ R/,^ FMB{T<r-i{f+M)) ^ Kf^Mf^E, 

which is a factorization of the adjunction morphism for the closed embedding f^. 
In particular, we then have 

H'-iE) ^ (llf^^FMB{T<r-i{f+M))) -^n^iKf^Mf^YE); 

but because the coherent sheaf in the middle is supported in a subset of im of codi- 
mension at least two, this contradicts Lemma [16.31 Therefore, Ai — > f*T-L^{f+Ai) 
is indeed nonzero. 

Being a holonomic ^^s-module, '}V{f+M.) admits a finite filtration with sim- 
ple quotients; consequently, we can find a simple holonomic i^s-module A/" and a 
nonzero morphism M. — > f*Af- Since M is simple, and f*I\f is also simple by 
Lemma [16.21 the morphism must be an isomorphism, and so A^ ~ f*Af- 
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To prove the final assertion, note that f*M = /+A/'[— r]; on account of Theo- 
rem [531 we therefore have 

FM^(A^) ~ FM^(/W) ~ R/,^FMB(AA)[-r]. 

Since im/'' is an irreducible component of the support of 'H''(FMa(A^)), it follows 
that Supp-H°(FMb(A/')) = as claimed. □ 

17. Chern characters. The purpose of this section is to compute the algebraic 
Chern character of FM^(A4), for a holonomic f^^i-module. 

For a smooth algebraic variety X, we denote by CH{X) the algebraic Chow ring 
oi X. To begin with, observe that since tt : Ais a,w affine bundle in the Zariski 

topology, the pullback map tt* : CH{A) — > CH{A^) is an isomorphism. 

Proposition 17.1. Let M he a holonomic SlA-module. Then the algebraic Chern 
character of the Fourier- Mukai transform FMa{M.) lies in the subring of CH{A) 
generated by CHI{A) = Pic"(l). 

Proof. Since tt: E{A) -> A is an algebraic vector bundle containing A'^ = A^^(l), 
pullback of cycles induces isomorphisms 

CH{A) ~ CH{E{A)) ~ CH{A^). 

As in the proof of Proposition ll4.2l choose a good filtration F,A4 and consider the 
Fourier-Mukai transform FM^(i?i?A^) of the associated Rees module. Its restriction 
to A'^ is isomorphic to FMa{M), and so it suffices to show that the Chern character 
of FMa{Rf-M) is contained in the subring generated by Pic°(A). Since A^^(O) = 
A X H''\A,fl\), we only need to prove this after restricting to A x {uj} C A^^(O), 
for any choice of £ H^{A, ^a)- 

By Proposition [Ql the restriction of FMAiRpM) to A"i(0) is isomorphic to 

(17.2) R(p23)* {phP (^pI^'a^^ Ph'^iM^F)'^ . 

Since is holonomic, the support of "^(A^, F) is of pure dimension g. Now choose 
Lo € H^{A,n\) general enough that the restriction of ^(A^,F) to A x {lu} is a 
coherent sheaf with zero-dimensional support. The restriction of (117. 2p to yl x {oj} 
is then the Fourier-Mukai transform of a coherent sheaf on A with zero-dimensional 
support; its algebraic Chern character must therefore be contained in the subring 
of CH{A) generated by ^ = Pic°(l). □ 

Corollary 17.3. Let A4 be a holonomic ^A-fnodule. Then all the Chern classes 
o/FMyi(A^) are zero in the singular cohomology ring of A^ . 
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